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STABILITY ESTIMATE IN THE INVERSE SCATTERING FOR A SINGLE QUANTUM
PARTICLE IN AN EXTERNAL SHORT-RANGE POTENTIAL
MOURAD BELLASSOUED AND LUC ROBBIANO
ABSTRACT. In this paper we consider the inverse scattering problem for the Schro¨dinger operator with short-
range electric potential. We prove in dimension n ě 2 that the knowledge of the scattering operator determines
the electric potential and we establish Ho¨lder-type stability in determining the short range electric potential.
1. INTRODUCTION AND MAIN RESULTS
This paper concerns inverse scattering problems for a large class of Hamiltonian with short-range electric
potential. A single quantum particle in an external potential is described by the Hilbert space L2pRnq and
the family of Schro¨dinger Hamiltonian
H “ ´1
2
∆` V pxq, x P Rn. (1.1)
We suppose that the electric potential V P C1pRn,Rq, with the short-range condition
|V pxq| ď C 〈x〉´δ ,
for some δ ą 1, where 〈x〉 “ p1` |x|2q1{2. Then we define
Vδ “
!
V P C1pRnq, |V pxq| ď C 〈x〉´δ , δ ą 1
)
.
Let H0 “ 12∆ be the free Hamiltonian. We consider two strongly continuous unitary groups: e´itH0
generate the free dynamic of the system and e´itH a perturbation of this free dynamic. The state u P L2pRnq
is said asymptotically free as tÑ ˘8 if there exists ψ˘ P L2pRnq such that
lim
tÑ˘8 }e
´itHu´ e´itH0ψ˘} “ 0. (1.2)
Here ψ` is the outgoing (resp. incoming) asymptotic of the state u. The condition (1.2) is equivalent to the
following two conditions
lim
tÑ˘8 }e
itH0e´itHu´ ψ˘} “ 0, lim
tÑ˘8 }e
itHe´itH0ψ˘ ´ u} “ 0.
The fundamental direct problems of scattering theory are: (a) to determine the set of asymptotically free
states, i.e., the set of u P L2pRnq such that
lim
tÑ˘8 e
itH0e´itHu “ ψ˘
exist, (b) the condition of the scattering operator which maps the incoming ψ´ into the corresponding
outgoing one ψ`.
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Let V be a short-range electric potential, by [11], Theorem 14.4.6, the wave operators, defined by
W˘pH,H0qu “ lim
tÑ˘8 e
itHe´itH0u, u P L2pRnq
exist as strong limits, are isometric operators, they intertwine the free and full Hamiltonian H and H0
W˘pH,H0qH0 “ HW˘pH,H0q.
Their range is the projection of the space L2pRnq onto continuous spectrum. Moreover the wave operators
W˘pH0,Hq also exist and adjoints toW˘pH,H0q. The scattering operator SV : ψ´ ÞÑ ψ` is defined as
SV “W`pH0,HqW´pH,H0q “W`pH,H0q˚W´pH,H0q.
It is well known that SV is a unitary operator on L
2pRnq. We call S as a mapping from Vδ into the set of
bounded operators LpL2pRnqq, SpV q “ SV , the scattering map.
For s ą 0, introducing the space L1spRnq be the weighted L1 space in Rn with norm
}u}L1spRnq “ } 〈 ¨ 〉s u}L1pRnq.
The following is the main result of this paper.
Theorem 1.1. LetM ą 0, δ ą 1 and s P p0, 1q. There exist constants C ą 0 and ν P p0, 1q such that the
following stability estimate holds
}V1 ´ V2}H´1pRnq ď C}SV1 ´ SV2}νLpL2pRnqq (1.3)
for every V1, V2 P Vδ such that pV1 ´ V2q P L2pRnq X L1spRnq and
}V }L2pRnq ` }V }L1spRnq ďM. (1.4)
In particularly the scattering map
S : Vδ ÝÑ LpL2pRnqq, V ÞÝÑ SV ,
is locally injective.
We describe now some previous results related with our problem. Let Sn´1 be the unit sphere in Rn.
Define the unitary operator
F : L2pRnq ÝÑ L2pR`, L2pSn´1qq, F puqpω, λq “ 2´1{2λn´2{4uˆp
?
λωq,
where L2pR`, L2pSn´1qq denote the L2-space of functions defined on R` with value in L2pSn´1q. The
spectral parameter λ plays the role of the energy of a quantum particle. Then
F pSV uqpλq “ SV pλqF puqpλq.
The unitary operator SV pλq : L2pSn´1q Ñ L2pSn´1q is called the scattering matrix at fixed energy λ with
respect the electric potential V .
The problem of identifying coefficients appearing in Schro¨dinger equation was treated very well and
there are many works that are relevant to this topic. In the case of a compactly supported electric potential
and in dimension n ě 3 uniqueness for the fixed energy scattering problem was given in [17, 23, 26]. In
the earlier paper [25] this was done for small potentials. It is well known that for compactly supported
potentials, knowledge of the scattering amplitude (or the scattering matrix) at fixed energy λ is equivalent to
knowing the Dirichlet-to-Neumann map for the Schro¨dinger equation measured on the boundary of a large
ball containing the support of the potential (see [31] for an account). Then the uniqueness result of Sylvester
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and Uhlmann [30] for the Dirichlet-to-Neumann map, based on special solution called complex geometrical
optics solutions, implies uniqueness at a fixed energy for compactly supported potentials. Melrose [16]
proposed a related proof that uses the density of products of scattering solutions.
The uniqueness result with fixed energy was extended by Novikov to the case of exponentially decaying
potentials [24]. Another proof applying arguments similar to the ones used for studying the Dirichlet-to-
Neumann map was given in [32]. The fixed energy result for compactly supported potentials in the two-
dimensional case follows from the corresponding uniqueness result for the Dirichlet-to-Neumann map of
Bukhgeim [3], and this result was recently extended to potentials decaying faster than any Gaussian in [9].
We note that in the absence of exponential decay for the potentials, there are counterexamples to unique-
ness for inverse scattering at fixed energy. In two dimensions Grinevich and Novikov [8] give a counterex-
ample involving V in the Schwartz class, and in dimension three there are counterexamples with potentials
decaying like |x|´3{2 [18, 28]. However, if the potentials have regular behavior at infinity (outside a ball
they are given by convergent asymptotic sums of homogeneous functions in the radial variable), one still
has uniqueness even in the magnetic case by the results of Weder and Yafaev [35, 36] (see also Joshi and Sa´
Barreto [13, 14]).
In the case of two-body Schro¨dinger Hamiltonians H with V short range, such a problem has been stud-
ied in [29] with high-frequency asymptotic methods. For short or long-range potentials, Enss and Weder
[6] have used a geometrical method. They show that the potential is uniquely recovred by the high-velocity
limit of the scattering operator. This method can be used to study Hamiltonians with electric and magnetic
potentials on L2pRnq, the Dirac equation, [8] and the N -body case [6]. In [21], Nicoleau used a stationary
method to study Hamiltonians with smooth electric and magnetic potentials have to be C8 functions with
stronger decay assumption on higher derivatives, based on the construction of suitable modified wave oper-
ators. This approach gives the complete asymptotic expansion of the Scattering operator at high energies. In
[13] the author sees that the problem with obstacles can be treated in the same way by determining a class
of test functions which have negligible interaction with the obstacle.
All the mentioned papers are concerned only with uniqueness or reconstruction formula of the coeffi-
cients. Inspired by the work of Enss and Weder [6] and following the same strategy as in [6], we prove in
this paper stability estimates in the recovery of the unknown coefficient V via the scattering map.
The paper is organized as follows. In Section 2 we examine the scattering problem associated with (1.1),
by using the geometric time-dependent method developed by Enss and Weder. In Section 3, we prove
some intermediate estimate of the X-ray transform of the potential V . In Section 4, we estimate the X-ray
transform and the Fourier transform of the potential, in terms of the scattering map and we proof Theorem
1.1.
2. SCATTERING MAP
Here we recall some basic definitions of the scattering theory used throughout the paper. The Fourier
transform on functions in Rn is defined by
fˆpξq :“ Fpfqpξq “ 1p2πqn{2
ż
Rn
e´ix¨ξfpxqdx,
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and the inverse Fourier transform is
fpxq “ F´1pfˆqpxq “ 1p2πqn{2
ż
Rn
eix¨ξfˆpξqdξ.
For s ě 0, letting HspRnq stand for the standard Sobolev space of those measurable functions f whose
Fourier transform fˆ satisfies
}f}HspRnq “
ˆż
Rn
〈ξ〉2s |fˆpξq|2dξ
˙
1{2
ă 8, 〈 ¨ 〉 “ p1` | ¨ |2q1{2.
For δ ą 0, introducing the Hilbert space L2δpRnq be the weighted L2pRnq space in Rn with norm
}u}L2δpRnq “ } 〈 ¨ 〉
δ u}L2pRnq.
We see that the Fourier transform F is a unitary transformation from HspRnq onto L2spRnq, that is
}u}L2
δ
pRnq “ }Fpuq}HδpRnq, @u P SpRnq. (2.1)
Let e´itH0 be the Schro¨dinger propagator, in term of the Fourier transform, this is given by
e´itH0u “ F´1pe´it |ξ|
2
2 Fpuqqpxq “ 1p2πqn{2
ż
Rn
eix¨ξe´it
|ξ|2
2 uˆpξqdξ. (2.2)
We also record the following properties of the wave operators W˘
W ˚˘W˘ “ I, e´itHW˘ “W˘e´itH0 . (2.3)
By Duhamel’s formula, we have
W˘ “ I ` i
ż ˘8
0
eitHV e´itH0 dt. (2.4)
The proof of (2.4) proceeds by differentiation and subsequent integration: For u P DpH0q “ DpHq one has
the product rule
d
dt
`
eitHe´itH0u
˘ “ eitH iHe´itH0u´ eitH iH0e´itH0u
“ ieitHV e´itH0u.
This is now integrated to yield
eitHe´itH0u´ u “ i
ż t
0
eisHV e´isH0uds,
from which (2.4) follows after taking the limit tÑ8.
Then from (2.4), we find out that
pW` ´W´qu “ i
ż 8
´8
eitHV e´itH0u dt, (2.5)
for any state u P L2pRnq for which the integral is well defined. We have a similar formula forW ˚˘
W ˚˘ “ I ` i
ż
0
˘8
eitH0V e´itH dt.
It follows from the definition of the scattering operators that
SV ´ I “ pW` ´W´q˚W´.
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Then by Duhamel’s formula and the interwining relation (2.3), we have the following identity giving a
relation between the scattering operator SV and the potential V
ipSV ´ Iqu “
ż `8
´8
eitH0VW´e´itH0u dt, u P L2pRnq. (2.6)
We need some elementary facts about pseudo-differential operators defined by the equality
apDqupxq “ 1p2πqn{2
ż
Rn
eix¨ξapξquˆpξqdξ, @u P SpRnq,
where the symbol a P C8
0
pRnq. It is then known that for any a P C8
0
pRnq, apDq is bounded operator on
L2pRnq.
For ̺ P Rn, we define the conjugate pseudo-differential operator a̺pDq by
a̺pDq “ e´ix¨̺apDqeix¨̺ :“ apD ` ̺q. (2.7)
The symbol of the operator a̺pDq is given by a̺pξq “ apξ` ̺q. Indeed, using the fact that Fpeix¨̺uqpξq “
uˆpξ ´ ̺q, we get
a̺pDqupxq “ 1p2πqn{2
ż
Rn
eix¨pξ´̺qapξquˆpξ ´ ̺qdξ, @u P SpRnq.
We define the linear unitary operator Et̺ from L
2pRnq into itself by the integral representation
Et̺upxq “ e´it̺¨Dupxq “
1
p2πqn{2
ż
Rn
eix¨ξe´it̺¨ξuˆpξqdξ “ upx´ t̺q, @u P SpRnq.
Hence, we obtain the following identity
Et´̺wE
t
̺upxq “ wpx` t̺qupxq, @w, u P L2pRnq. (2.8)
By a simple calculation, it is easy to see that
e´ix¨̺e´itH0eix¨̺ “ e´it|̺|2Et̺e´itH0 , inL2pRnq. (2.9)
Let us recall the following result proved in Reed and Simon [27], XI, page 39. The key of the proof is the
application of the stationary phase method.
Lemma 2.1. Let g P SpRnq be a function such that gˆ has a compact support. Let O be an open set
containing the compact Supppgˆq. Let
gtpxq “ 1p2πqn{2
ż
Rn
eix¨ξe´i
t
2
|ξ|2 gˆpξqdξ. (2.10)
Then, for anym P N, there exists C ą 0 depending onm, g and Supppgˆq so that
|gtpxq| ď Cp1` |x| ` |t|q´m,
for all x, t with xt´1 R O.
In the sequel, for t P R˚ and ̺ P Rn, we denote by A1 and A2 the following sets
A1 “
"
|x´ t̺| ą 1
2
|t̺|
*
, A2 “
"
|x| ă 1
4
|t̺|
*
. (2.11)
For a measurable set A Ă Rn, we denote by κA the characteristic function of A.
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Lemma 2.2. Let ̺ P Rn such that |̺| ą 4, t P R˚, and let consider the two measurable sets A1 and A2
given by (2.11). Then for any a P C8
0
pBp0, 1qq, and all k P N there exists C such that
}κA1e´itH0a´̺pDqκA2u}L2pRnq ď C 〈t̺〉´k }u}L2pRnq, (2.12)
for any u P L2pRnq. Here C depends only on k and n but not depends on ̺.
Proof. Let a P C8
0
pBp0, 1qq, A1 and A2 given by (2.11). For u P SpRnq, using (2.2) and (2.10), we easily
see that
κA1e
´itH0a´̺pDqκA2upxq “
1
p2πqn{2
ż
Rn
eix¨ξe´i
t
2
|ξ|2κA1pxqapξ ´ ̺qFpκA2uqpξq dξ
“ 1p2πqn
ż
Rn
eix¨ξe´i
t
2
|ξ|2κA1pxqapξ ´ ̺q
ż
Rn
e´iy¨ξκA2pyqupyqdy dξ
“ 1p2πqn
ż
Rn
κA1pxqκA2pyqa˜̺t px´ yqupyqdy ,
where the kernel a˜
̺
t is given by
a˜
̺
t pzq “
ż
Rn
eiz¨ξe´i
t
2
|ξ|2apξ ´ ̺qdξ.
Therefore, we have
}κA1e´itH0a´̺pDqκA2u}2L2pRnq “
1
p2πq2n
ż
Rn
κA1pxq|
ż
Rn
κA2pyqa˜̺t px´ yqupyqdy|2dx
ď C
ˆż
Rn
κA1pxq
ˆż
Rn
κA2pyq|a˜̺t px´ yq|2dy
˙
dx
˙
}u}2L2pRnq
ď
ˆż
Rn
|a˜̺t pzq|2
ˆż
Rn
κA1pxqκA2px´ zqdx
˙
dz
˙
}u}2L2pRnq
ď
ˆż
Rn
|a˜̺t pzq|2pκA1 ˚ κˇA2qpzqdz
˙
}u}2L2pRnq, (2.13)
where κˇA2pxq “ κA2p´xq.
By a simple computation, we get
a˜
̺
t pxq “ eix¨̺e´i
t
2
|̺|2
ż
Rn
eipx´t̺q¨ξe´i
t
2
|ξ|2apξqdξ
“ eix¨̺e´i t2 |̺|2 a˜tpx´ t̺q. (2.14)
Thus, we arrive atż
Rn
|a˜̺t pzq|2pκA1 ˚ κˇA2qpzqdz ď
ż
Rn
|a˜tpxq|2pκA1 ˚ κˇA2qpx` t̺qdx
ď
ż
Rn
|a˜tpxq|2pκA1 ˚ κˇpA2`t̺qqpxqdx.
Since, SupppκA1 ˚ κˇA2`t̺q Ă A1 ´ pA2 ` t̺q Ă
 |x| ě 1
4
|t̺|(, and
}κA1 ˚ κˇA2}L8pRnq ď }κA2}L1pRnq ď C|t̺|n,
the above, inserted in (2.13) yields the following inequality
}κA1e´itH0a´̺pDqκA2u}2L2pRnq ď C|t̺|n
˜ż
t|x|ě 1
4
|t̺|u
|a˜tpxq|2dx
¸
}u}2L2pRnq. (2.15)
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Let r “ 1
4
|t̺|. In view of (2.14), we get from Lemma 2.1 form P N, with 2m´ k ą 2n, that
|t̺|n
ż
t|x|ě 1
4
|t̺|u
|a˜tpxq|2dx ď Crn
ż
t|x|ěru
|a˜tpxq|2dx
ď C 〈r〉´k
ż
Rn
〈x〉´2m`k`n dx, (2.16)
provided that r ą |t|, which satisfied if |̺| ą 4.
Combining (2.16) and (2.15), we immediately deduce (2.12).
This completes the proof. 
Lemma 2.3. Let V P Vδ. Then for any a P C80 pBp0, 1qq and every ̺ P Rn, we have
}V e´itH0a´̺pDqu}L2pRnq “ }V px` t̺qe´itH0apDqe´ix¨̺u}L2pRnq (2.17)
for any u P L2pRnq.
Proof. By a density argument, it is enough to consider (2.17) for u P SpRnq. By (2.7), we get
}V e´itH0a´̺pDqu}L2pRnq “ }V e´itH0eix¨̺apDqe´ix¨̺u}L2pRnq.
Using (2.8) and (2.9), we deduce that
}V e´itH0eix¨̺apDqe´ix¨̺u}L2pRnq “ }V eix¨̺Et̺e´itH0apDqe´ix¨̺u}L2pRnq
“ }Et´̺V Et̺e´itH0apDqe´ix¨̺u}L2pRnq
“ }V px` t̺qe´itH0apDqe´ix¨̺u}L2pRnq. (2.18)
Thus we conclude the desired equality. 
Lemma 2.4. Let V P Vδ. Then for any a P C80 pBp0, 1qq, and every ̺ P Rn, |̺| ą 4, we have
}V e´itH0a´̺pDqu}L2pRnq “ }V px` t̺qe´itH0apDqe´ix¨̺u}L2pRnq ď C 〈t̺〉´δ }u}L2
δ
pRnq, (2.19)
for any u P L2δpRnq.
Proof. By a density argument, it is enough to consider (2.19) for u P SpRnq. Let A1 and A2 are given by
(2.11). Then, we obtain
}V e´itH0a´̺pDqu}L2pRnq ď }V κA1e´itH0a´̺pDqu}L2pRnq
` }V κAc
1
e´itH0a´̺pDqu}L2pRnq :“ I1 ` I2.
To estimate I1, note that
I1 ď }V κA1e´itH0a´̺pDqκA2u}L2pRnq ` }V κA1e´itH0a´̺pDqκAc2u}L2pRnq.
Hence, by Lemma 2.2, we get
}V κA1e´itH0a´̺pDqκA2u}L2pRnq ď }κA1e´itH0a´̺pDqκA2u}L2pRnq
ď C 〈t̺〉´δ }u}L2pRnq. (2.20)
Furthermore, for any u P SpRnq, one has
}V κA1e´itH0a´̺pDqκAc2u}L2pRnq ď }κAc2u}L2pRnq ď C 〈t̺〉´δ }u}L2δpRnq. (2.21)
Taking into account (2.20), (2.21), we see that
I1 ď C 〈t̺〉´δ }u}L2
δ
pRnq. (2.22)
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On the other hand, since Ac
1
Ă  |x| ě 1
2
|t̺|( and V P Vδ, we also have that
I2 “ }V κAc
1
e´itH0a´̺pDqu}L2pRnq ď C 〈t̺〉´δ }e´itH0a´̺pDqu}L2pRnq
ď C 〈t̺〉´δ }u}L2pRnq. (2.23)
Hence, by combining (2.23) and (2.22), we conclude the proof of the Lemma. 
Lemma 2.5. Assume that V P Vδ. Then there exists C ą 0 such that for any Φ P SpRnq with SupppΦˆq Ă
Bp0, 1q, we have
}pW˘ ´ Iqe´itH0Φ̺}L2pRnq ď C|̺|´1}Φ}L2
δ
pRnq,
for any ̺ P Rn, |̺| ą 4, and uniformly for t P R. Here Φ̺ “ eix¨̺Φ.
Proof. It follows from Duhamel’s formula (2.5) that
pW` ´ Iqe´itH0Φ̺ “ i
ż 8
0
eisHV e´isH0e´itH0Φ̺ ds.
Take a P C8
0
pBp0, 1qq, such that apξ ´ ̺qΦˆpξ ´ ̺q “ Φˆpξ ´ ̺q, that is a´̺pDqΦ̺ “ Φ̺. Then by Lemma
2.4, we get
}pW` ´ Iqe´itH0Φ̺}L2pRnq ď
ż `8
´8
}V e´isH0a´̺pDqΦ̺}L2pRnqds
ď C
ˆż
R
〈s̺〉´δ ds
˙
}Φ}L2δpRnq
ď C|̺|
ˆż 8
0
〈τ〉´δ dτ
˙
}Φ}L2
δ
pRnq,
and the Lemma follows forW`. The proof forW´ is similar. 
3. STABILITY OF THE X-RAY TRANSFORM OF THE POTENTIAL
In this section we prove some estimate for the X-ray transform of the electric potential V . We start with
a preliminary properties of the X-ray transform which needed to prove the main result.
Let ω P Sn´1, and ωK the hyperplane through the origin orthogonal to ω. We parametrize a line Lpω, yq
in Rn by specifying its direction ω P Sn´1 and the point y P ωK where the line intersects the hyperpalne
ωK. The X-ray transform of function f P L1pRnq is given by
Xpfqpx, ωq “ Xωpfqpxq “
ż
R
fpx` τωqdτ, x P ωK.
We see that Xpfqpx, ωq is the integral of f over the line Lpω, yq parallel to ω which passes through x P ωK.
The following relation between the Fourier transform of Xωpfq and f , called the Fourier slice theorem,
will be useful: we denote by FωK the Fourier transform on function in the hyperplan ω
K. The Fourier slice
theorem is summarized in the following identity (see [2]):
FωKpXωpfqqpηq “ p2πqp1´nq{2
ż
ωK
e´ix¨ηXωpfqpxqdx
“ p2πqp1´nq{2
ż
ωK
e´ix¨η
ż
R
fpx` sωqds dx
“ p2πqp1´nq{2
ż
Rn
e´iy¨ηfpyqdy
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“
?
2πFpfqpηq, η P ωK. (3.1)
The main purpose here is to present a preliminary estimate, which relates the difference of the short range
potentials to the scattering map. As before, we let V1, V2 P Vδ, j “ 1, 2 be real valued potentials. We set
V “ V1 ´ V2,
such that
}V }L2pRnq ďM.
We start with the following Lemma.
Lemma 3.1. Let Vj P Vδ, j “ 1, 2. Then there exist C ą 0, λ0 ą 0 and γ P p0, 1q such that for any
ω P Sn´1 and Φ,Ψ P SpRnq with SupppΦˆq, SupppΨˆq Ă Bp0, 1q, the following estimate holds true
|
ż
Rn
XpV qpx, ωqΦpxqΨpxqdx| ď C
?
λ}SV1 ´ SV2}}Φ}L2pRnq}Ψ}L2pRnq
` λ´γ{2
´
}Φ}H2pRnq ` }Φ}L2
δ
pRnq
¯´
}Ψ}H2pRnq ` }Ψ}L2
δ
pRnq
¯
(3.2)
for any λ ą λ0. Here V “ V1 ´ V2.
Proof. Let ̺ “ ?λω with λ ą 0 and ω P Sn´1. In what follows for Φ, Ψ P SpRnq with SupppΦˆq, and
SupppΨˆq Ă Bp0, 1q we denote
Φ̺ “ eix¨̺Φ, Ψ̺ “ eix¨̺Ψ, ̺ “
?
λω.
From the identity (2.6) of the wave and scattering operators, it is easily seen that
?
λ
`
ipSVj ´ IqΦ̺,Ψ̺
˘ “ ż
R
ℓjpτ, λ, ωqdτ `Rjpλ, ωq, j “ 1, 2, (3.3)
where the leading ℓj , is given by
ℓjpτ, λ, ωq :“
´
Vje
´iτλ´1{2H0Φ̺, e´iτλ
´1{2H0Ψ̺
¯
,
and the remainder term Rj , is given by
Rjpλ, ωq “
ż
R
´
pW j´ ´ Iqe´iτλ
´1{2H0Φ̺, Vje
´iτλ´1{2H0Ψ̺
¯
dτ.
At first, we estimate the remainder term Rj . Let a P C80 pBp0, 1qq such that apξqΦˆpξq “ Φˆpξq, and
apξqΨˆpξq “ Ψˆpξq Lemma 2.4 gives uniformly in λ the integral bound
}Vje´iτλ´1{2H0Φ̺} “ }Vje´iτλ´1{2H0a´̺pDqΦ̺}
“ }Vjpx` τωqe´iτλ´1{2H0apDqΦ} ď C 〈τ〉´δ }Φ}L2
δ
pRnq. (3.4)
Similarly, we get
}Vje´iτλ´1{2H0Ψ̺} ď C 〈τ〉´δ }Ψ}L2
δ
pRnq. (3.5)
By Lemma 2.5 and (3.5), we obtain
|Rjpλ, ωq| ď C
ż
R
}pW j´ ´ Iqe´iτλ
´1{2H0Φ̺}}Vje´iτλ´1{2H0Ψ̺} dτ ď C?
λ
}Φ}L2δpRnq}Ψ}L2δpRnq.
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Thus Rjpλ, ωq satisfies the remainder estimate in (3.2).
We consider now the leading term ℓj . Taking into account (2.8), (2.9) a simple calculation gives
ℓjpτ, λ, ωq “
´
Vjpx` τωqe´iτλ´1{2H0Φ, e´iτλ´1{2H0Ψ
¯
,
and therefore
ℓjpτ, λ, ωq ´ pVjpx` τωqΦ,Ψq “ ℓp1qj pτ, λ, ωq ` ℓp2qj pτ, λ, ωq
where
ℓ
p1q
j pτ, λ, ωq “
´
Vjpx` τωqe´iτλ´1{2H0Φ, pe´iτλ´1{2H0 ´ IqΨ
¯
,
and
ℓ
p2q
j pτ, λ, ωq “
´
pe´iτλ´1{2H0 ´ IqΦ, Vjpx` τωqΨ
¯
.
Since Ψˆ has compact support, we obtain´
e´iτλ
´1{2H0 ´ I
¯
Ψ “
ż τ{?λ
0
d
ds
pe´isH0Ψq ds “ ´i
ż τ{?λ
0
e´isH0H0Ψ ds.
Therefore, we have
}pe´iτλ´1{2H0 ´ IqΨ}L2pRnq ď
|τ |?
λ
}H0Ψ}L2pRnq ď
|τ |?
λ
}Ψ}H2pRnq,
and using the fact that
}pe´iτλ´1{2H0 ´ IqΨ}L2pRnq ď 2}Ψ}L2pRnq,
we deduce the following estimation
}pe´iτλ´1{2H0 ´ IqΨ}L2pRnq ď C
ˆ |τ |?
λ
˙γ
}Ψ}H2pRnq, (3.6)
for all γ P p0, 1q. Then by (3.6) and (3.4), we find
|ℓp1qj pτ, λ, ωq| ď
C
λγ{2
〈τ〉´pδ´γq }Ψ}H2pRnq}Φ}L2
δ
pRnq.
Hence, by selecting γ small such that δ ´ γ ą 1, it follow thatż
R
|ℓp1qj pτ, λ, ωq| dτ ď
C
λγ{2
}Ψ}H2pRnq}Φ}L2
δ
pRnq. (3.7)
Moreover, we haveż
Rn
|Vjpx` tωqΨpxq|2dx ď C
ż
t|x`τω|ą 1
2
|τ |u
〈x` τω〉´2δ |Ψpxq|2dx
`
ż
t|x`τω|ď 1
2
|τ |u
〈x` τω〉´2δ |Ψpxq|2dx
ď C
ˆ
〈τ〉´2δ
ż
Rn
|Ψpxq|2dx` 〈τ〉´2δ
ż
Rn
〈x〉2δ |Ψpxq|2dx
˙
ď C 〈τ〉´2δ }Ψ}2
L2δpRnq.
Then we show as the proof of (3.7) thatż
R
|ℓp2qj pτ, λ, ωq|dτ ď
ż
R
}pe´iτλ´1{2H0 ´ IqΦ}L2pRnq}Vjpx` τωqΨ}L2pRnqdτ
ď C
λγ{2
ˆż
R
〈τ〉´pδ´γq dτ
˙
}Φ}H2pRnq}Ψ}L2
δ
pRnq.
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Then, we easily see thatż
R
|ℓp1qj pτ, λ, ωq|dτ `
ż
R
|ℓp2qj pτ, λ, ωq|dτ ď
C
λγ{2
´
}Ψ}H2pRnq}Φ}L2
δ
pRnq ` }Φ}H2pRnq}Ψ}L2
δ
pRnq
¯
. (3.8)
From (3.8) and (3.3), we deduce that
i
?
λ ppSV1 ´ SV2qΦ̺,Ψ̺q “
ż
R
pℓ1 ´ ℓ2qpτ, λ, ωqdτ ` pR1 ´R2qpλ, ωq :“
ż
R
ℓpτ, λ, ωqdτ `Rpλ, ωq,
where the leading and remainder terms, respectively, satisfy
|
ż
R
pℓpτ, λ, ωq ´ pV px` τωqΦ,Ψqq dτ | ď
2ÿ
j“1
ż
R
´
|ℓp1qj pτ, λ, ωq| ` |ℓp2qj pτ, λ, ωq|
¯
dτ
ď C
λγ{2
´
}Ψ}H2pRnq}Φ}L2
δ
pRnq ` }Φ}H2pRnq}Ψ}L2
δ
pRnq
¯
,
and
|Rpλ, ωq| ď |R1pλ, ωq| ` |R2pλ, ωq| ď C?
λ
}Φ}L2δpRnq}Ψ}L2δpRnq.
This completes the proof of Lemma 3.1. 
4. PROOF OF THE STABILITY ESTIMATE
In this section, we complete the proof of Theorem 1.1. We are going to use the estimate proved in the
previous section; this will provide information on the X-ray transform of the difference of short range
electric potentials.
Let ω P Sn´1 and V P Vδ. We denote
fpxq “ XpV qpx, ωq “
ż
R
V px` tωqdt.
Then f satisfies the following estimate
|fpxq| “ |fpx´ pω ¨ xqωq| ď C
ż
R
〈x´ pω ¨ xqω ` tω〉´δ dt
ď C
〈x´ px ¨ ωqω〉δ´1
ż
R
〈t〉´δ dt, @x P Rn.
In particularly, we have f P L1pωKq.
For any Φ, Ψ with SupppΦˆq Ă Bp0, 1q and SupppΨˆq Ă Bp0, 1q, we have by (3.2)
|
ż
Rn
fpxqΦpxqΨpxqdx| ď
?
λ}SV1 ´ SV2}}Φ}L2pRnq}Ψ}L2pRnq
` Cλ´γ{2
´
}Φ}H2pRnq ` }Φ}L2
δ
pRnq
¯´
}Ψ}H2pRnq ` }Ψ}L2
δ
pRnq
¯
.
Let η P ωK be fixed and let Ψ P L2pRnq such that SupppΨˆq Ă Bpη{2, 1q. Denote by Ψη{2 “ eix¨η{2Ψ, then
SupppΨˆη{2q Ă Bp0, 1q. Applying the last inequality with Ψ “ Ψη{2, we find
|
ż
Rn
f´η{2pxqΦpxqΨpxqdx| ď
?
λ}SV1 ´ SV2}}Φ}L2pRnq}Ψ}L2pRnq
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` C 〈η〉2 λ´γ{2
´
}Φ}H2pRnq ` }Φ}L2
δ
pRnq
¯´
}Ψ}H2pRnq ` }Ψ}L2
δ
pRnq
¯
, (4.1)
where f´η{2 “ e´ix¨η{2f .
Lemma 4.1. Let Vj P Vδ, j “ 1, 2. Then there exist C ą 0, λ0 ą 0, γ P p0, 1q and σ ą n{2` γ and such
that for any ω P Sn´1 and Φ P SpRnq such that SupppΦˆq Ă Bp0, 1q, the following estimate holds true
|FpfΦqpηq| ď ε´n{2
?
λ}SV1 ´ SV2}}Φ}L2pRnq
` C 〈η〉4 λ´γ{2ε´n{2´δ
´
}Φ}H2pRnq ` }Φ}L2δpRnq
¯
` Cεγ}Φ}L2σpRnq
for any λ ą λ0, η P ωK and ε P p0, 1q.
Proof. Let ψ0 P C80 pBp0, 1qq, with }ψ0}L1pRnq “ 1, we define
ψεpξq “ ε´nψ0pε´1pξ ´ η{2qq, Supppψεq Ă Bpη{2, εq Ă Bpη{2, 1q,
and let Ψε “ F´1pψεq. By Plancherel formula, we getż
Rn
f´η{2pxqΦpxqΨεpxqdx “
ż
Rn
Fpf´η{2Φqpξqψεpξqdξ. (4.2)
Taking into account (4.2) and applying (4.1) with Ψ “ Ψε, we obtain
|
ż
Rn
Fpf´η{2Φqpξqψεpξqdξ| ď
?
λ}SV1 ´ SV2}}Φ}L2pRnq}ψε}L2pRnq
` C 〈η〉2 λ´γ{2
´
}Φ}H2pRnq ` }Φ}L2
δ
pRnq
¯´
}Ψε}H2pRnq ` }Ψε}L2
δ
pRnq
¯
. (4.3)
Furthermore there exists C ą 0 such that
}ψε}2L2pRnq “ ε´n
ż
Rn
|ψ0pξq|2dξ ď Cε´n, (4.4)
and
}Ψε}2H2pRnq “
ż
Rn
〈ξ〉4 |ψεpξq|2dξ “ ε´2n
ż
Rn
〈ξ〉4 |ψ0pε´1pξ ´ η{2qq|2dξ ď Cε´n 〈η〉4 . (4.5)
Using the fact that
Fpψεqpyq “ e´iy¨η{2ψˆ0pεyq
and (2.1), we get
}Ψε}L2δpRnq “ }ψε}HδpRnq ď Cε
´n{2´δ. (4.6)
Then, by (4.3), (4.4), (4.5) and (4.6), one gets
|
ż
Rn
Fpf´η{2Φqpξqψεpξqdξ| ď
?
λε´n{2}SV1 ´ SV2}}Φ}L2pRnq
` C 〈η〉4 λ´γ{2ε´n{2´δ
´
}Φ}H2pRnq ` }Φ}L2δpRnq
¯
.
Moreover, we have
Fpf´η{2Φqpη{2q “
ż
Rn
Fpf´η{2Φqpξqψεpξqdξ
`
ż
Rn
`
Fpf´η{2Φqpη{2q ´ Fpf´η{2Φqpξq
˘
ψεpξqdξ.
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Furthermore, for any γ P p0, 1q, there exists C “ Cpγq ą 0 such that
|Fpf´η{2Φqpη{2q ´ Fpf´η{2Φqpξq| ď C|ξ ´ η{2|γ
ż
Rn
〈x〉γ |Φpxq|dx
ď C|ξ ´ η{2|γ
ˆż
Rn
〈x〉´2σ`2γ dx
˙
1{2
}Φ}L2σpRnq,
for some σ ą γ ` n{2. We deduce that
|
ż
Rn
`
Fpf´η{2Φqpη{2q ´ Fpf´η{2Φqpξq
˘
ψεpξqdξ|
ď C}Φ}L2σpRnq
ż
Rn
|η{2´ ξ|γ |ψεpξq|dξ ď Cεγ}Φ}L2σpRnq,
which imply
|FpfΦqpηq| “ |Fpf´η{2Φqpη{2q| ď ε´n{2
?
λ}SV1 ´ SV2}}Φ}L2pRnq
` 〈η〉4 λ´γ{2ε´n{2´δ
´
}Φ}H2pRnq ` }Φ}L2
δ
pRnq
¯
` Cεγ}Φ}L2σpRnq.
This completes the proof of the Lemma. 
We give now the following Lemma to be used later
Lemma 4.2. Let θ P C8
0
pp´1
2
, 1
2
qq and ϕ P C8
0
pωK XBp0, 1
2
qq. Putting
Φpyq “ F´1
0
pθqpy ¨ ωqF´1
ωK
pϕqpy ´ py ¨ ωqωq, y P Rn,
where F0 denote the Fourier transform on function in R. Then we have SupppΦˆq Ă Bp0, 1q and
Φˆpξq “ θpω ¨ ξqϕpξ ´ pω ¨ ξqωq, @ξ P Rn.
Moreover, for all s ě 0, we have
}Φ}HspRnq ď }θ}L2spRq}ϕ}L2spωKq.
Finally, for any δ ě 0, there exists C ą 0 such that
}Φ}L2δpRnq ď C}ϕ}HδpωKq.
Here C depends on norms of θ.
The next step in the proof is to deduce an estimate that links the Fourier transform of the unknown
coefficient to the measurement SV1 ´ SV2 .
Lemma 4.3. Let Vj P Vδ, j “ 1, 2. Then there exist C ą 0, λ0 ą 0, γ P p0, 1q and αj ą 0, j “ 1, 2, 3,
such that for any ω P Sn´1 the following estimate holds true
|FωKpfqpηq| ď Cε´α1
?
λ}SV1 ´ SV2} ` λ´γ{2ε´α2 〈η〉4 ` Cεα3 , (4.7)
for any λ ą λ0, η P ωK and ε P p0, 1q.
Proof. Let θ P C8
0
p´1{4, 1{4q and ϕ P C8
0
pωK XBp0, 1{2qq. Putting
Φpyq “ F´1
0
pθqpy ¨ ωqF´1
ωK
pϕqpy ´ py ¨ ωqωq, y P Rn.
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We assume further θp0q “ 1. Then we have by Lemma 4.2 SupppΦˆq Ă Bp0, 1q. The change of variable
x “ y ` tω P ωK ‘ Rω, dx “ dydt yields, after noting that η P ωK
FpfΦqpηq “ p2πq´n{2
ż
Rn
e´ix¨ηF´1
0
θpx ¨ ωqF´1
ωK
pϕqpx´ px ¨ ωqωqfpxqdx
“ p2πq´n{2
ż
R
ż
ωK
e´iy¨ηF´1
0
pθqptqF´1
ωK
pϕqpyqfpyqdy dt
“ p2πq´pn´1q{2
ż
ωK
e´iy¨ηF´1
ωK
pϕqpyqfpyqdy
“ FωKpfF´1ωK pϕqqpηq “ FωKpfq ˚ ϕpηq, (4.8)
where we have used fpy ´ tωq “ fpyq for any t P R. Taking account (4.8) and applying Lemma 4.2, one
gets
|
ż
ωK
FωKpfqpξqϕpη ´ ξqdξ| ď ε´n{2
?
λ}SV1 ´ SV2}}ϕ}L2pωKq
`C 〈η〉4 λ´γ{2ε´n{2´δ
´
}ϕ}L2
2
pωKq ` }ϕ}HδpωKq
¯
` Cεγ}ϕ}HσpωKq. (4.9)
Now, we specify the choice of the function ϕ. Let ϕ0 P C80 pωK X Bp0, 1{2qq with }ϕ0}L1pωKq “ 1, we
define, for h small
ϕhpξq “ h´n`1ϕ0ph´1ξq, ξ P ωK.
Applying (4.9) with ϕ “ ϕh, we get
|
ż
ωK
FωKpfqpξqϕhpη ´ ξqdξ| ď ε´n{2
?
λ}SV1 ´ SV2}}ϕh}L2pωKq
` C 〈η〉4 λ´γ{2ε´n{2´δ
´
}ϕh}L2
2
pωKq ` }ϕh}HδpωKq
¯
` Cεγ}ϕh}HσpωKq.
Since
}ϕh}L2pωKq “ hp1´nq{2}ϕ0}L2pωKq, }ϕh}L2
2
pωKq ď Chp1´nq{2}ϕ0}L2
2
pωKq
and,
}ϕh}HσpωKq ď Ch´σ`p1´nq{2}ϕ0}HσpωKq,
we obtain
|
ż
ωK
FωKpfqpξqϕhpη ´ ξqdξ| ď ε´n{2
?
λhp1´nq{2}SV1 ´ SV2}
` C 〈η〉4 λ´γ{2ε´n{2´δh´δ`p1´nq{2 ` Cεγh´σ`p1´nq{2.
Moreover
FωKpfqpηq “
ż
ωK
FωKpfqpξqϕhpη ´ ξqdξ ´
ż
ωK
pFωKpfqpξq ´ FωKpfqpηqqϕhpη ´ ξqdξ.
Using the fact that,
|FωKpfqpξq ´ FωKpfqpηq| ď C
ż
ωK
|e´ix¨ξ ´ e´ix¨η||fpxq|dx
ď C|ξ ´ η|γ1
ż
ωK
〈x〉γ
1 |fpxq|dx
ď C|ξ ´ η|γ1}V }L1
γ1
pRnq,
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with γ1 ą 0 sufficiently small. We deduce that
|
ż
ωK
pFωKpfqpξq ´ FωKpfqpηqqϕhpη ´ ξqdξ| ď CM
ż
ωK
|ξ ´ η|γ1 |ϕhpη ´ ξq|dξ
ď CMhγ1 .
We obtain, for any η P ωK
|FωKpfqpηq| ď ε´n{2
?
λhp1´nq{2}SV1 ´ SV2} ` λ´γ{2ε´n{2´δ 〈η〉4 h´δ`p1´nq{2
`Cεγh´σ`p1´nq{2 ` Chγ1 .
Selecting h such that εγh´σ`p1´nq{2 “ hγ1 , we obtain
|FωKpfqpηq| ď ε´α1
?
λ}SV1 ´ SV2} ` λ´γ{2ε´α2 〈η〉4 ` Cεα3 .
This completes the proof of the Lemma. 
We return now to the proof of Theorem 1.1. Since ω is arbitrary, we deduce from (4.7) and (3.1)
|FpV qpηq| ď ε´α1
?
λ}SV1 ´ SV2} ` λ´γ{2ε´α2 〈η〉4 ` Cεα3 , @η P Rn. (4.10)
In light of the above reasoning and decomposing the H´1pRnq norm of V as
}V }2H´1pRnq “
ż
|η|ďR
〈η〉´2 |FpV qpηq|2dη `
ż
|η|ąR
〈η〉´2 |FpV qpηq|2dη
then, by (4.10), we get
}V }2H´1pRnq ď C
ˆ
Rnpε´α1
?
λ}SV1 ´ SV2} ` λ´γ{2ε´α2R2 ` Cεα3q `
M2
R2
˙
.
The next step is to choose in such away εα3Rn “ R´2. In this case we get
}V }2H´1pRnq ď C
ˆ
Rβ1
?
λ}SV1 ´ SV2} ` λ´γ{2Rβ2 `
1
R2
˙
.
Now we choose R ą 0 in such that away λ´γ{2Rβ2 “ R´2. In this case we get
}V }2H´1pRnq ď C
`
λµ1}SV1 ´ SV2} ` λ´µ2
˘
,
for some positive constants µ1, µ2. Finally, minimizing the right hand side with respect to λ we obtain the
desired estimate of Theorem 1.1.
REFERENCES
[1] S. Arians, Geometric Approach to Inverse Scattering for the Schro¨dinger Equation with Magnetic and Electric Potentials,
Journal of Mathematical Physics 38(6), (1997).
[2] M. Bellassoued, D. Jellali, M.Yamamoto, Stability estimate for the hyperbolic inverse boundary value problem by local
Dirichlet-to-Neumann map, Journal of Mathematical Analysis and Applications 343(2), (2008), 1036-1046.
[3] A.L. Bukhgeim, Recovering the potential from Cauchy data in two dimensions, J. Inverse Ill-Posed Probl. 16 (2008), 19-33.
[4] V. Enss, Propagation Properties of Quantum Scattering States, J. Func. Anal. 52, 219-251 (1983).
[5] V. Enss, Quantum Scattering with Long-Range Magnetic Fields, Operator Calculus and Spectral Theory, M. Demuth, B.
Gramsch, B.-W. Schulze eds., Operator Theory: Advances and Applications Vol. 57, 61-70, Birkha¨user, Basel 1992.
[6] V. Enss and R. Weder, The geometrical approach to multidimensional inverse scattering, J. Math. Phys. 36, 3902? 3921 1995.
[7] G. Eskin, J. Ralston, Inverse Scattering Problems for the Schroedinger Equation with Magnetic Potential at a Fixed Energy,
Commun. Math. Phys. 173, 199-224 (1995).
[8] P. Grinevich, R.G. Novikov, Transparent potentials at fixed energy in dimension two. Fixed-energy dispersion relations for
the fast decaying potentials, Comm. Math. Phys. 174 (1995) 409-446.
16 M. BELLASSOUED AND L.ROBBIANO
[9] C. Guillarmou, M. Salo, L. Tzou, Inverse scattering at fixed energy on surfaces with Euclidean ends, Commun. Math. Phys.
(2011), 303, 761-784.
[10] S. Helgason, Groups and Geometric Analysis, Academic Press, Orlando 1984.
[11] L. Ho¨rmander, The Analysis of Linear Partial Differential Operators, Vol. I, II, Springer-Verlag, Berlin, 1983.
[12] H. T. Ito, An Inverse Scattering Problem for Dirac Equations with Time-Dependent Electromagnetic Potentials, Publ. RIMS,
Kyoto Univ. 34 (1998), 355-381.
[13] M. Joshi, Explicitly recovering asymptotics of short range potentials, Comm. Partial Differential Equations 25 (2000) 1907-
1923.
[14] M. Joshi, A. Sa´ Barreto, Determining asymptotics of magnetic fields from fixed energy scattering data, Asymptot. Anal. 21
(1999) 61-70.
[15] W. Jung, Geometrical Approach to Inverse Scattering for the Dirac Equation, J. Math. Phys., 38, (1997), 39-48.
[16] R.B. Melrose, Geometric Scattering Theory, Cambridge University Press, 1995.
[17] A. Nachman, Reconstructions from boundary measurements, Ann. of Math. 128 (1988) 531-576.
[18] R.G. Newton, Construction of potentials from the phase shifts at fixed energy, J. Math. Phys. 3 (1962) 75-82.
[19] F. Nicoleau, A Stationary Approach to Inverse Scattering for Schro¨dinger Operators with First Order Perturbations, Rapport
de Recherche 96/4-2, Universite´ de Nantes (1996).
[20] F. Nicoleau, Inverse Scattering for Schro¨dinger Operators with First Order Perturbations: The Long–Range Case, Rapport
de Recherche 96/5-2, Universite´ de Nantes (1996).
[21] F. Nicoleau, A stationary approach to inverse scattering for Schro¨inger operators with first order perturbation, Commun.
Partial Diff. Eqns. 22, (1997), 527-553.
[22] F. Nicoleau, An inverse scattering problem with the Aharonov-Bohm effect, Journal of Mathematical Physics 41, 5223 (2000).
[23] R.G. Novikov, A multidimensional inverse spectral problem for the equation ?ψ ` pvpxq?Eupxqqψ “ 0, Funct. Anal. Appl.
22 (1988) 263?272.
[24] R.G. Novikov, The inverse scattering problem at fixed energy for the three-dimensional Schro¨dinger equation with an expo-
nentially decreasing potential, Comm. Math. Phys. 161 (1994) 569-595.
[25] R.G. Novikov, G.M. Khenkin, The B¯-equation in the multidimensional inverse scattering problem, Russian Math. Surveys 42
(1987) 109-180.
[26] A.G. Ramm, Recovery of the potential from fixed energy scattering data, Inverse Problems 4 (1988) 877-886.
[27] M. Reed and B. Simon, Methods of modern mathematical physics, Vol. III. Scattering theory, Academic Press, New York
(1979).
[28] P. Sabatier, Asymptotic properties of the potentials in the inverse-scattering problem at fixed energy, J. Math. Phys. 7 (1966),
1515-1531.
[29] Y. Saito, Some properties of the scattering amplitude and the inverse scattering problem, Osaka J. Math. 19, (1982), 527-547.
[30] J. Sylvester, G. Uhlmann, A global uniqueness theorem for an inverse boundary value problem, Ann. of Math. 125 (1987),
153-169.
[31] G. Uhlmann, Inverse boundary value problems and applications, Aste´risque 207 (1992), 153-211.
[32] G. Uhlmann, A. Vasy, Fixed energy inverse problem for exponentially decreasing potentials, Methods Appl. Anal. 9 (2002),
239-248.
[33] Weder, Ricardo, Multidimensional inverse scattering in an electric field, J. Funct. Anal., 139, 1996, 2, 441–465.
[34] Weder, Ricardo, The Aharonov-Bohm effect and time-dependent inverse scattering theory, Inverse Problems, 18, (2002), 4,
1041-1056.
[35] R. Weder, Completeness of averaged scattering solutions, Comm. Partial Differential Equations 32, (2007), 675-691.
[36] R. Weder, D. Yafaev, On inverse scattering at a fixed energy for potentials with a regular behaviour at infinity, Inverse
Problems 21 (2005) 1937-1952.
UNIVERSITY OF TUNIS EL MANAR, NATIONAL ENGINEERING SCHOOL OF TUNIS, ENIT-LAMSIN, B.P. 37, 1002 TUNIS,
TUNISIA
E-mail address: mourad.bellassoued@enit.utm.tn
LABORATOIRE DE MATHE´MATIQUES, UNIVERSITE´ DE VERSAILLES SAINT-QUENTIN EN YVELINES, 78035 VERSAILLES,
FRANCE
E-mail address: luc.robbiano@uvsq.fr
